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Transonic Wave Drag Estimation and Optimization
Using the Nonlinear Area Rule
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Nonlinear area ruling procedures based on the transonic slender body and lift-dominated theories are
described as a means of providing low-cost wave drag estimates and optima for basepoint definition. The
computational implementation is capable of accurately predicting drag rise of realistic configurations and
shows applicability to moderate supersonic Mach numbers. An analogy between the zero-lift and lift-
dominated case establishes a basis for sizeable wave drag due to lift reduction through planform and sectional
shaping. Results illustrating the potential benefits are shown for a fighter configuration in which a small
movement of the maximum thickness location of the equivalent body of revolution with the volume fixed
gives a fourfold reduction in zero-lift wave drag. This benefit can be translated into similar reductions in tran-
sonic wave drag due to lift.

Introduction

T HERE is a continuing need for rapid turnaround and
conceptual methods for the design synthesis of fighter

configurations that exploit nonlinear aerodynamic
phenomena. This is particularly true for missions that in-
volve a compromise between the transonic maneuver point
and supersonic cruise conditions. To achieve such agility and
energy maneuverability attributes as the high rate of climb
and acceleration necessary for survivability against transonic
threats, low drag levels are essential. Because of the
steepness of the wave systems, the presence of mixed flow
conditions, as well as shock phenomena, nonlinear effects
are a crucial factor. For design optimality, these phenomena
should be considered for the basepoint definition. Current
approaches such as that of Ref. 1 use linear methods for this
first step of the configuration development cycle in conjunc-
tion with computational fluid dynamics (CFD) codes for
subsequent refinements. An alternate approach would
develop the basepoint arrangement from nonlinear
aerodynamic considerations. A cogent concern at this stage
is the minimization of transonic shock drag in relation to
vortex drag. Linear methods are not equipped to deal with
these issues.

In this paper, nonlinear area ruling procedures based on
transonic slender-body theory will be described as a means of
providing reliable, low-cost, conceptual wave drag estimates
and optima useful for basepoint design.

Earlier effort by Oswatitsch and Keune,2 Heaslet and
Spreiter,3 and Cole4 provided the analytical foundations of
the equivalence and area rules basic to the studies to be
described in this paper. The area rule developed in these
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analyses gave a method from which the transonic zero-lift
wave drag could be computed from that of an equivalent
body of revolution (EBR). This formulation is a nonlinear
counterpart to the Whitcomb,5 Jones6 linear area rule
methodology used by industry for many years in conceptual
design.

Cheng and Hafez,7 Cheng,8 Cramer,9'10 as well as Barn-
well11 and, most recently, Cole,12 have treated lifting effects
in the equivalence rule and transonic slender body theory.
What has been virtually untapped is the tremendous poten-
tial of a computational procedure based on the nonlinear
area rule to reduce sizeably wave drag levels and maximize
aerodynamic efficiency.

Initial studies along these lines based on a "parameterized
inverse method" were reported in Ref. 13. These indicated
that shock drag of bodies of revolution could be virtually
eliminated by nullifying the jump discontinuity in the surface
pressure distribution associated with a shock. This calcula-
tion was achieved by reshaping of the body contour and
hints at a positive answer to the fundamental question con-
cerning the existence of shock-free axially symmetric bodies
in transonic flow. Such an issue is of great significance to
aerodynamic design, since these bodies can be thought of as
EBR's representative of complete airplane configurations.

The parameterized inverse method of Ref. 13 has the ad-
vantage that it often provides a close connection to drag
reduction because of its direct connection to the shock
pressure discontinuities. Frequently, however, shock
envelopes form off the body and no pressure discontinuities
occur on it. In this paper, another procedure will be outlined
to deal with such situations. It considers the zero-lift wave
drag as a payoff functional of the EBR shape that is com-
puted from the solution of the boundary value problem of
the transonic small-disturbance equation. A procedure for
optimizing this functional will be illustrated for a fighter
configuration. Prior to this example, application of the
method in establishing useful wave drag estimates will be
demonstrated for configurations ranging from simple shapes
to realistic arrangements. For the latter, a set of similar
validations were performed by Sedin14 in a different context.
Agrell et al.15 studied the limitations of the equivalence rule
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in connection with not-so-slender configurations. Chan16 and
Sedin14 investigated experimental confirmation of the
modification of the area rule due to lift proposed by Cheng
and Hafez7 as well as Barn well.11

In the last portion of this paper, a computational im-
plementation of a new asymptotic method for the treatment
of the lift effect on wave drag more fully described in Ref.
12 will be illustrated. Its consequences with respect to op-
timization will be briefly discussed.

Zero-Lift Theory
For purposes of this discussion, the transonic area rule

results given in Ref. 4 will be summarized.
Considering the coordinate system shown in Fig. 1, a class

of slender bodies given by

= r-dF(x,e)=0

=y2+z2, 0= tan~lz/y (1)

in transonic flow, transonic small disturbance theory is based
on the limit process

5-0, K= fixed (2)

where M^ is the freestream Mach number; U, P^, and p^
the freestream speed, pressure, and density; and 5 a dimen-
sionless parameter related to the lateral extent of the body.
Matching considerations show that, in an outer region which
preserves the structure of the Mach waves, the flow relaxes
to axial symmetry to dominant order. To keep the Mach
wave structure fixed, the coordinate straining f=dr fixed in
the limit [Eq. (2)] is used. In this limit, the body shrinks to
the axis r=0, Q<x< 1, and the asymptotic expansion for the
velocity potential $ is

(3)

Substitution of Eq. (3) into the exact equations gives the
transonic small-disturbance boundary value problem

(4b)

for the perturbation potential </>, where by matching to domi-
nant orders with an inner expansion for the body near field

(5a)

lift), the expansion of <f> near r^O is

<t>(x,r,K) =S(x) \ogf+g(x;K) + 6(r> Iog2r) (6)

where g(x;K) is the essential unknown part of the pressure
distribution connected to the wave drag.

Application of the momentum theorem to a cylindrical
control surface enclosing the inner region gives the drag D as

of/2 27T '[-'
CB

d<j>$ f 1 10f——d/+ A"(x)g(x)dx\
on Jo J (7)

In Eq. (7), the line integral is taken around a contour CB
defined by the line r = F(l,6), representing the shape of the
body's tail. The quantity </>f = </>*- g at x= 1, where </>* is a
term in the inner expansion. Thus, if $ is the velocity poten-
tial, its inner expansion is

—— = x+(d2

= r/6 fixed as 6-0 (8)

Returning to the line integral in Eq. (7), </>| solves the cross-
flow boundary value problem shown schematically in Fig. 2,
where A signifies the Laplacian and d/dn indicates differen-
tiation in the outward normal direction to CB.

The contour integral is the only term in Eq. (7) which in-
volves details of the cross-sectional shape. When it vanishes,
we have the area rule. This occurs if

and only the last term remains in Eq. (7). If

3) FFX = const (CB axisymmetric)

then only the line integral vanishes in Eq. (7).
It is of interest to explore the moderate supersonic limit of

Eq. (7) associated with K-+ -oo. This gives

2-K

<54

- f
J

A"(xr)

A"(xr)

A = —— \ F2dd= cross-sectional area (9)

= irF2 for axially symmetric bodies (5b)

The inner region is harmonic in cross-flow planes and has
a characteristic length scale equal to 6. These results can be
obtained by direct matching between the inner and outer
regions.

However, an analysis given in Ref. 17 has shown that an
intermediate expansion is needed to provide the correct
matching to higher orders.

In accord with Eq. (4b) and the basic source-like character
of the far field of the inner solution (even with moderate

Equation (9) is close to the von Karman integral formula (cf.
Refs. 18-20), differing only by an additive constant, i.e.,

. (9) = -^von Karman integral

47T
(10)

This difference is presumably associated with a residual
nonlinear behavior of the transonic theory in the K-+ - oo
limit as compared to the supersonic slender body theory
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from which von Karman's formula is derived. A study of
K-+ ± oo asymptotics embedded within transonic small
disturbance theory is needed to clarify this phenomenon. The
consequences of Eq. (10) will be indicated in the Results
section.

Lift Effects
Limit process expansions of the type used in the previous

sections have been applied to treat transonic shock drag due
to lift. This theory has been detailed in Ref. 12. For pur-
poses of this paper, only the main results will be indicated.

In contrast to the previous section, a pointed winglike
shape such as that depicted in Fig. 3 will be considered. The
focus will be the "lift-dominated" transonic case, i.e., when
the lift is so large that it produces significant wave drag. For
simplicity, the discussion will be initially limited to zero
thickness, twisted and cambered wings. Some remarks will
be made subsequently regarding incorporation of wing
thickness and body effects.

Referring to Fig. 3, a pointed wing is shown in relation to
wind (x,y,z) and body (x',y',z) axes. A distinguished limit
will be considered for which lift production gives a nonlinear
source-like flow directly analogous to the zero-lift case. This
source flow generates wave drag.

Denoting the body shape function as Br (x',y',z) then

B'=y'-rc(x',z)=0 (11)

where T is a gauge function ordering the camber and twist in
relation to the angle of attack a and c the wing camber-twist
distribution. If £ = semispan, distinguished limits for the
near- and far-field flow are defined, in which

1 -A/2 r
°°- r=——, Z? fixed as «-*(

ci(«)
(12)

with e! (a) a gage function to be determined by matching. We
anticipate that the incidence a associated with significant
wave drag due to lift will be numerically of the order en-
countered in transonic maneuver scenarios, i.e., a«10 deg.

Initially omitting switchback terms, the inner (near-field)
expansion for the velocity potential in the limit of Eq. (12) is
assumed to be

$(x,y,z;
U ^x + a^U^z; (13)

In accord with the previous discussion, a central problem
is the determination of the behavior of <p{ and <p2 near the
point at infinity. Substitution of Eq. (13) into the exact
equations and boundary conditions and retaining terms to
the indicated orders leads to the following boundary value
problems for these quantities:

(14a)

(14b)

(15a)

(15b)

In Eqs. (14b) and (15b), \z\<s(x), 0<x<l, where s rep-
resents the local span. This is the classical problem
treated by Jones in Ref. 21. Equations (14a) and (15a) are
associated with the dominance of cross flow over streamwise
gradients. At a kink in the leading-edge shape such as the tip
of a delta wing, this approximation will become nonuni-
formly valid since d2/dx2 becomes infinite at this point. To

<p2y(x,Q,z)=<plx(x,Q±,z)(Tcx-l)+x<plyy(x,Q±,z)

avoid such issues, only streamwise tips at the maximum span
and monotonic increasing s(x) are considered here. Also,
only planforms symmetric in z are considered.

In this connection, there is an issue concerning the validity
of the Kutta condition at the tip of cambered wings. Another
concern is the assumption of a planar vortex sheet. Roll-up
at downstream sections alters the planar boundary value
problem to a nonplanar one.

More general planforms lead to more complex boundary
value problems in the sense that the boundary conditions are
mixed and depend on x through upstream interaction of the
wake. For re-entrant trailing edges, the cross-flow plane is
multiply connected downstream of the maximum span. The
boundary value problems for such cases have been studied
by other workers.

Monotonic s(x) gives rise to the classical airfoil integral
equation whose solution is well known (see, for example,
Ref. 22).

The asymptotic behavior of <p{ as r = Vy2 + z2 —• oo is im-
portant for matching with the far-field outer solution and
can be shown to be a doublet. Thus, if 0 = tan-lz/y,

1 cos
(16)

where by a surface pressure integration, the doublet strength
3)n (x) can be shown to be proportional to the accumulated

u. MOO, POO. c«

Fig. 1 Slender body.

Fig. 2 Base contour cross-flow problem.

Fig. 3 Pointed transonic wing.
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lift up to the station x, i.e., can be computed from Eq. (18). Thus

5*
-s(x)

(17)

For a flat wing, c = cx = Q and, therefore,

Z>n(x)=TTS2(x), X<\

(18)

Equation (16) is a key result that can be used to generate par-
ticular solutions of the Poisson equation (15a), which gives the
singular behavior of <p2 as /--*oo. This behavior is an essential
part of the matching to the outer transonic flow. For this mat-
ching, additional (switchback) terms are required. With these
terms, the corrected form of the (matched) inner expansion is

+ a (log '/2-^= (19)

where Gl and G2 are determined from the r-*0 limit of the
outer solution, and S2 is evaluated from the f-» oo limit of the
inner solution.

The outer expansion for <i> is

3>
"77"

where

(log^) «,(*,££#)
\ V^i /

j,z; K) 3 (x,y,z;
(20)

(21)

(22)

[Computationally, e^a) can be obtained by a functional itera-
tion solution of the transcendental equation (21). For typical
a's of interest, this process is rapidly convergent. A first guess,
el - -a2logo:, works well.]

Equations (20-22) lead to the following equations for 0 l 5
</>2, and 03 :

(23a)

« = 0 (23b)

(23C)

The quantities 0,, </>2, and </>3 contribute to the shock drag.
Because of the closeness of the orders, it may be numerically
important to compute all three contributions. For the pur-
poses of this paper, only the wave drag from the asymptotically
dominant term <t>l will be discussed. It solves the same bound-
ary value problem as Eq. (4), where S (x) is given by

(24)

instead of Eq. (5). For a flat-plate wing having monotonic in-
creasing s(x) and streamwise tips at its maximum span SDH

(25)

Accordingly, the quantity ((7 + I)7r)/8(d/d*)[s2(jt)] is
directly analogous to A(x). Hence, if 5</(l) = 0, we have the
analogy of case (2) for the zero-lift area rule.

The wave drag Dw is, in general,

D
(26)

where the integral represents the cumulative entropy jump
across the shocks.

For 5-'(l) = 0, in analogy to zero lift,

Z>H
(27)

WING

TYPICAL WING SECTION

LC(X',Z)

Fig. 4 Blended-wing configuration.
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Fig. 5 Comparison of computational and analytical solutions for
supersonic double-wedge delta wings, M^ =1.62.
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where 1.4

/>!— §>(x) logf + G! (x) + . . . as r—0 (28)

To summarize, the transonic small-disturbance boundary
value problem for the first approximation to the shock drag
due to lift of a zero-thickness wing is directly analogous to
that for a body of revolution given in Eqs. (4). For the
former, the "effective cross-sectional area due to lift" is pro-
portional to (dCL/dx)2 where CL(x) is the accumulated lift
up to the station x. This concept agrees with the findings of
Refs. 7-11, which use a different approach;

Generalization to incorporate thickness effects has been
studied by the first author. This investigation considers the
generic blended wing/body configuration shown in Fig. 4,
which is essentially a slender body up to station x\. It is
winglike downstream. In the body coordinates previously
used, the wing/body has the representations:

(29a)

(29b)(a)

where c and t are, respectively, the camber and thickness
functions shown in Fig. 4. The essential idea is that an addi-
tional term e^^ is added to the inner expansion [Eq. (13)]
for the limit [Eq. (12)] to account for the thickness. Thus,

; K)
U

(30)
Substitution of Eq. (30) into the exact equations and bound-
ary conditions leads to

and on the wing portion,

(3 la)

(31b)

as well as a slender-body boundary condition of the type
given in Ref. 4 on the fuselage section. Since there are no
forcing terms in Eq. (3la), the matching is very similar to
that for the zero-thickness case. The solution of the wing
cross-flow boundary value problem [Eq. (31)] is a line
source across the local span, i.e.,

tx(x,h)\og[y2+(z-h)2]dh (32)

The asymptotic behavior of this representation near the
point at infinity is

where

2--T— §12
27T

§ =

as r-~ (33a)

(33b)

Accordingly, the only significant change in the zero thickness
matching is that

(34)

For nonplanar cross sections such as fuselages, the
generalization of Eq. (33b) is

MAX CROSS SECTIONAL
AREA OF EQUIVALENT BODY

t/c = WING THICKNESS RATIO
A = ASPECT RATIO
I I f I I

0.02 0.04 0.06 0.08
A(t/c)

0.10 0.12 0.14

dn
d/ (35)

Fig. 6 Variation of predicted and experimental wave drag vs wing
sweep on a missile configuration at M^ -1.4.

where d/dn is the normal to cross-sectional contour and $
signifies a line integral, which is proportional to the rate of
change of cross-sectional area.

Equation (34) shows the additive effect of lift as an effec-
tive area progression to be superimposed on the geometric
one. Both combine to give S ( x ) , the source strength of the
wave drag producing nonlinear line source governed by Eq.
(23a).

Numerical Procedures
The basic methodology to computationally implement the

zero-lift area rule [Eq. (7)] and its extension to lifting cases
is a successive line .overrelaxation (SLOR) method similar in
many respects to that of Ref. 23. The SLOR process was ap-
plied to the solution of Eq. (4) to obtain g(x; K) in Eq. (6).
For improved accuracy, a special procedure has been
developed to handle the boundary points. It regularizes the
discretization in the neighborhood of the logarithmic
singularity at f= 0 by subtracting off the singular behavior
shown in Eq. (6).

Two special issues associated with the prediction of drag
are the need for smoothing of the input area distribution
from realistic geometries and the choice of gridding.
Reference 24 contains further details on application of spline
smoothing and grid clustering that helped to resolve these
issues.

Results
Figure 5 shows how the supersonic asymptotic form of the

nonlinear transonic theory can give substantial improvements
over the linear form of supersonic slender-body theory in the
moderately high supersonic regime. This figure displays the
variation of the zero-lift wave drag of a double-wedge sec-
tion delta wing with apex angle for freestream Mach
numbers M00 = 1.62. Indicated in the figure is experimental
data shown by the solid squares, taken from Ref. 25, and a
full potential solution reported by Shankar.26

Also indicated are the linearized theory (nonslender ap-
proximation, dashed lines), linear slender-body von Karman
drag formula (dash-dot), and the supersonic asymptote of
the transonic area rule (dash-double dot). The full potential
theory's comparison with the experiment is excellent,
whereas the linear theory's is poor. However, the extended
transonic area rule provides reasonable qualitative trends
useful for engineering estimates, particularly for a
preliminary design basepoint definition at both Mach
numbers. Much more significant is the fact that the tran-
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sonic theory gives a simple closed-form solution indicated in
the right side of the figure. This formula, which is not read-
ily accessible from pure numerical solutions, shows clearly
the role of all parameters, i.e., sweepback, thickness ratio,
Mach number, etc., and provides the basis for optimization
of these parameters for wave drag minimization. The inac-
curacy of the supersonic theory is due to the "pseudotran-
sonic" flow near the sonic ridge lines at the cusp points in
the figure. A special theory designed to remedy this defect
employs a nonlinear approximation in the vicinity of the
leading edges and matches to the sonic line singularity of
linearized theory in the far field.27 The improvement of the
supersonic limit of the transonic theory over the von Karman
formula is associated with a presumed residual nonlinear ef-
fect of the former discussed in connection with Eq. (10).

As another validation of the theory at supersonic Mach
numbers, the supersonic asymptote of the nonlinear com-
putational model is compared to experimental data from
Ref. 28 in Fig. 6 for a family of missile shapes having
various sweepbacks at Mach 1.4. The agreement is
reasonable and the trend is correctly predicted; No attempt
was made to model viscous interaction. Application of our
methods to the Shuttle Orbiter in Refs. 29 and 30 indicates
that crude corrections to the supersonic similarity parameter
reflecting these effects improve the agreement with
experiment.

For transonic Mach numbers, it is of interest to assess the
usefulness of the method to predict transonic wave drag rise.
For a configuration of the type considered in Fig. 6, Fig. 7
shows a comparison of the results computed by our
nonlinear area rule code against experiment. This figure in-
dicates the significance of proper modeling of wind tunnel
wall effects in the code. We are using asymptotic methods to
develop appropriate procedures for the transonic regime.
These methods are a generalization of the procedure
developed and validated in Ref. 31 for subsonic flows.
Figure 7 shows that excellent agreement with experiment is
obtained for a slotted wall simulation with the slot parameter
C=l/4. This value was determined based on an iterative
scheme at one Mach number that gave a C value in which
the computations matched experiments. With this result, the
calculations matched the experimental drags at all the other
Mach numbers in the drag rise.

As an indicator of the applicability of the methodology to
realistic aircraft geometries, Fig. 8 shows a comparison of
zero-lift wave drag rise predictions with the nonlinear area
rule code vs experiment for a fighter configuration. The
results from two grid systems are presented. The dashed
curve is for a small height computational boundary (f=l/2)
and a medium x grid. The solid curve is for a much finer x
grid for the supersonic points. Also, a higher upper com-
putational boundary (/rMAx = 3) was used with the same
number of vertical nodes. Although the higher upper com-
putational boundary reduced the average grid density, the
agreement with experiment improved. Presumably, this is
due to finer x grid spacing and the increased realism of the
far field for f^AX = 3 in simulating the wind tunnel wall con-
ditions of the tests.

With validations such as that shown in Fig. 8, the
nonlinear area rule is attractive as a means of design op-
timization of basepoint configurations typical of modern low
supersonic drag shapes. These are generally low enough in
aspect ratio and thickness that the assumptions of slender-
body theory apply.

On the basis of the slender-body theory and nonlinear
computational form of the area rule described in this paper,
a drag minimization procedure was developed. This pro-
cedure is applicable to the zero-lift and lift-dominated
theories described previously. This is a direct method that
contrasts to the inverse procedure described in Ref. 13. The
latter was used to design an EBR to support a shockless sur-
face pressure distribution. This assumes that such a

ZERO LIFT 0.020
WAVE DRAG
COEFFICIENT 1

WING-BODY TESTED

- EXPERIMENT-(NACA TN 3872)

D CORRECTED FOR
INTERFERENCE

NONLINEAR AREA RULE CODE
FREE AIR ———;——
HARD WALL —————
FREE JET —————
SLOTTED WALL • • • • • — —

+ c+j = 0). c = 1/4

0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4

Fig. 7 Role of wind tunnel wall interference in modeling transonic
wave drag rise of missile configuration.

D ROCKWELL EXPERIMENT

COMPUTATIONAL AREA RULE
— — — GRID 3. 198 x: 50, rMAX = 1/2

(VARIABLE GRID)
————— UNIFORM GRID ON BODY ONLY

398 x 70 FOR Moo>1
194 x 50 FOR Moo<1
EXCEPT AT Moo = 0.975
?MAX = 3

1.2 1.4 1.6

MACH NUMBER = M^

Fig. 8 Comparison of computational zero-lift drag Mach number
dependence and experiment for a fighter configuration.

WssS''^•\ x0 = u.
\ BASIC
\ CONFIGURATION

\- x0 = 0.4

x0 = STREAMWISE LOCATION OF MAXIMUM THICKNESS
OF EQUIVALENT BODY OF REVOLUTION

0.0
-1.0 -0.7 -0.4 -0.1 0.2 0.5 0.8

Fig. 9 Equivalent bodies of revolution used for drag minimization
studies of a fighter configuration.

smoothed distribution will result in weak or nonexistent
shocks off the body, and, therefore, reduced or nonexistent
wave drag. Due to focusing as well as the compression wave
envelope and caustic formation, however, this may not be
the case and a smooth pressure distribution on the EBR may
result in shocks off the body.

The method to be described deals directly with the drag
and, therefore, includes the effects of shocks found off the
surface. In one of our implementations, the area progression
was fitted over three subintervals of the EBR length by
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Fig. 10 Surface pressures on competing configurations,
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0.98. Fig. 12 Lift loading of model fighter configuration wing with sine
tip fairing.
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Fig. 11 Effect of modification of location of equivalent body of
revolution maximum thickness (JCQ) on transonic zero-lift wave drag
on a fighter configuration at M^ = 0.98.
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Fig. 13 Convergence of drag with respect to mesh size, K= 64.18,
a = 11.45 deg = 0.2 rad.

fourth-order polynomials. Using a fixed-volume constraint,
the coefficients of these polynomials were adjusted to vary
the location x0 of the maximum thickness of the EBR to
minimize the zero-lift wave drag. The shapes of competing
EBR configurations in the family are compared with the
basic EBR of a fighter configuration in Fig. 9. Figure 10
demonstrates the surface pressure distributions for these
shapes. In spite of the lack of surface shock jumps in these
variations, large expansion suction spikes are evident at the
rear of some of these EBRs. This drag-increasing feature can
be associated with off-body shocks. The design impact of
these EBR variations can be seen in Fig. 11. Here, the op-
timum location x$ at approximately 0.3 gives a wave drag
reduction of nearly a factor of four from the basic level
shown in the figure. This study was performed to indicate
the magnitude of the reduction of levels possible. The impact
of such reductions on acceleration performance can be
significant. In addition, these gains can be transformed into
optimum planform shaping for the lift-dominated case.

As an illustration of the lift-dominated theory, computa-
tional results will be presented for a monotonic increasing
s(x) planform prototype of a fighter configuration shown in
Fig. 12. For uniform validity of the theory, the tip is stream-
wise and smooth in accord with previous remarks. Also
shown is the equivalent lift loading, assuming the wing is
flat.

As an indication of the convergence of the drag with
respect to mesh size, Fig. 13 shows drag levels as a function
of mesh density normalized to the finest mesh used; It is evi-
dent that convergence is achieved with relatively coarse grids.

0.10

0.08

0.06

CD 0.04

0.02 __a = 11.45'
——— Q = 5.73°

06 0.7 0:8 0.9 1.0 1.1 1.2

Fig. 14 Drag rise due to lift characteristics of model fighter plan-
form, 100x50 grid, sine tip fairing.

These combinations are compatible with operations on inex-
pensive mainframes.

To examine the effect of incidence on wave drag due to
lift, the drag rise of the model planform is shown in Fig. 14
for two incidences. The expected dramatic rise with incidence
occurs. It is evident that these levels can be appreciable when
compared to induced drag. In this connection, application of
the momentum theorem on a control surface surrounding the
inner region shows that the <p{ and <p2 give only an induced
drag CD., which agrees with the classical full leading-edge
suction value, under the same restrictions, i.e., for a flat-
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plate wing

where AL is the aspect ratio.

Conclusions
In this paper, the application of the computational form

of the nonlinear area rule to estimation and minimization of
transonic wave drag has been discussed. Procedures have
been outlined that offer a promise in providing reliable low-
cost estimates necessary for nonlinear conceptual basepoint
development. These have the additional advantages that
they:

1) Avoid the computational intensity of large scale CFD
codes.

2) Show applicability to the moderate supersonic regime.
3) Are suggestive of shaping concepts on the first pass

that optimize and account for nonlinear effects.
4) Can provide nonlinear rather than linear lower bound

targets for drag levels appropriate to the nonlinear
environment.

5) Can be organized as a preliminary design user-friendly
software system that can be operated on small mainframes.

6) Are based on an asymptotic approximation procedure
which accounts for the nonlinear phenomena in a systematic
fashion,

To achieve these goals for the lift-dominated case, addi-
tional effort is underway. This is primarily oriented toward
giving a complete picture of the drag in relation to the
higher-order outer approximations.
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